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ABSTRACT: A fiber length distribution (FLD) and a fiber
orientation distribution (FOD) usually exist in injection-
molded short-fiber-reinforced polymer (SFRP) composites.
In this article, the thermal conductivity of SFRP composites
is studied in detail, taking into account the effects of the FLD
and the FOD. The effect of fiber volume fraction on the
composite thermal conductivity is also investigated. It is
shown that the thermal conductivity of SFRP composites
increases almost linearly with fiber volume fraction; it also
increases with mean fiber length (or mean aspect ratio) but
decreases with mean fiber orientation angle with respect to
the measured direction. The latter two effects depend highly
on the thermal conductivity of short fibers. The effects of
mode fiber length and mode fiber orientation angle on the

thermal conductivity of short (carbon) fiber reinforced poly-
mer composites have also been studied. The composite ther-
mal conductivity increases marginally with the increase of
mode fiber length but lightly with the increase of mode fiber
orientation angle. Moreover, comparison of the present
model is made with existing theories in predicting the ther-
mal conductivity of SFRP composites. Finally, the present
model is applied to published experimental results and the
agreement is found to be satisfactory. © 2003 Wiley Periodicals,
Inc. J Appl Polym Sci 88: 1497–1505, 2003
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INTRODUCTION

Short-fiber-reinforced polymer (SFRP) composites
have many applications as a class of structural mate-
rials because of their ease of fabrication, relatively low
cost ,and superior mechanical properties to those of
relevant polymer resins. Extrusion compounding and
injection-molding techniques are often employed to
make SFRP composites.1–12 Short fibers are often mis-
aligned due to processing. Fibers are also damaged
due to processing. Hence, in the final composites,
there exist a fiber length distribution (FLD) and a fiber
orientation distribution (FOD). Studies on the me-
chanical properties of SFRP composites have shown
that both the FLD and the FOD play very important
roles in determining the mechanical properties.13–19

SFRP composites are also attractive materials for elec-
tronic packaging applications where the combination
of reinforcement with high thermal conductivity em-
bedded in a resin matrix with low thermal conductiv-
ity is desirable to maintain a low temperature envi-
ronment for thermally sensitive electronic packaging

components. A number of analytical models have
been proposed to predict the thermal conductivity of
short fiber composites.20–26 They are, however, fo-
cused on either aligned short fiber composites20,21 or
completely random short fiber composites22,23 or short
fiber composites with fibers of a constant fiber
length.24–26 FLD always exists in injection-molded
SFRP composites. However, all the above models did
not study the effect of FLD on the thermal conductiv-
ity of short fiber composites. It will be shown that the
FLD plays an important role in determining the ther-
mal conductivity. Moreover, due to partial fiber align-
ment, SFRP composites could show anisotropy in their
properties. The anisotropies of the elastic modulus
and strength of SFRP composites have been studied
previously,13,14 but the anisotropy of the thermal con-
ductivity of SFRP composites has not been investi-
gated in detail yet by considering the effects of the
FLD and the FOD.

Thermal conductivity is a bulk property, analogous
to modulus. Moreover, it is well accepted that a math-
ematical analogy exists between thermal conduction
and elasticity of fiber composites. The elastic modulus
of SFRP composites has been successfully predicted
using the laminate analogy approach (LAA).15 There-
fore, in the present work, the LAA is also employed to
derive an expression for the thermal conductivity of
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SFRP composites, taking into consideration the effects
of the fiber volume fraction, the FLD, and the FOD.
Comparison of the present model for the prediction of
the thermal conductivity of SFRP composites is made
with other existing theories.24,25 Moreover, the present
theory is applied to published experimental re-
sults.27,28 The anisotropy of the composite thermal
conductivity will be reported elsewhere.

THEORY

FLD and FOD

The FLD density function, f(L), can be given as fol-
lows13–18,29

f�L� � abLb�1exp��aLb� for L � 0 (1)

where a and b are size and shape parameters, respec-
tively, for determining the size and shape of FLD
curves. The mean fiber length is given by

Lmean � �
Lmin

Lmax

Lf�L�dL � a�1/b��1/b � 1� (2)

where �(x) is the gamma function. The mode fiber
length is given by

Lmod � �1/a � 1/�ab��1/b (3)

The mean fiber length (Lmean in mm) and the mode
fiber length (Lmod in mm) can be measured experimen-
tally. Then, the parameters a and b can be obtained
from the following equations, respectively:

�1 � 1/b�1/b/�1/b � 1� � Lmod/Lmean (4)

a � �1 � 1/b�/Lmod
b (5)

Fiber orientation can be described by a pair of angles
(�,�) as shown in Figure 1. The FOD density function,
g(�), can be defined by13–18

g��� � �sin ��2p�1�cos ��2q�1)/

�
�min

�max

�sin ��2p�1�cos ��2q�1d�

(6)

where p and q are the shape parameters that can be
used to determine the shape of the FOD curve, and 0
� �min � � � � max � �/2. The mean fiber orientation
angle (�mean) is obtained:

�mean � �
�min

�max

�g���d� (7)

The mode fiber orientation angle is given by

�mod � arctan��2p � 1�/�2q � 1��1/2} (8)

The FOD density function, g(�), can also be defined
similar to that of g(�).13

Thermal conductivity of SFRP composites

The LAA will be used here to evaluate the thermal
conductivity of SFRP composites. In the LAA, the
SFRP composites can be simulated as a sequence of a
stack of various laminae with different fiber orienta-
tions and different fiber lengths. The successive devel-
opment of the laminated plate model of a three-di-
mensionally (3D) misaligned SFRP is shown in Figure
2. The SFRP composite with a 3D spatial FOD function
g(�,�) [� g(�)g(�)/sin�] having fiber ends in the three
visible planes [see Fig. 2(a)] is first replaced by an
SFRP with the same g(�) but � � 0, having no fiber
ends in the 1–2 plane or no fibers in the out-of-planar
direction (represented by the 3-axis) [see Fig. 2(b)].
Then, according to the FLDs, this composite is re-
garded as a combination of laminates, each compris-
ing fibers having the same fiber length [see Fig. 2(c),
“L(Li), i � 1, 2, . . ., n” denotes the ith laminate con-
taining fibers of the same length Li]. Each laminate
with the same fiber length is then treated as a stacked
sequence of laminae; each lamina consists of fibers
having the same fiber length and the same fiber ori-
entation [see Fig. 2(d), “L(Li, �j), j � 1, 2, . . ., m”
denotes the jth lamina containing fibers having the
same length Li and the same angle �j].

Similar to the prediction of the elastic modulus of
SFRP composites,15 to evaluate the thermal conductiv-
ity of the SFRP composite in the “1” direction using
the LAA, which depends only on the orientation dis-

Figure 1 Definitions of spatial fiber orientation angles �
and �.
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tribution of the angle (�) that the fibers make with the
“1” direction, first we need to evaluate the thermal
conductivity of the corresponding unidirectional short
fiber composites assuming all the fibers lie in the 1–2
plane. It has been shown27,28,30,31 that the Halpin–Tsai
equation can be used to describe the thermal conduc-
tion of unidirectional short fiber composites. For a
unidirectional lamina, the thermal conductivities par-
allel (K1) and perpendicular (K2) to the fiber direction
are given by20

K1 �
1 � 2	
1Vf

1 � 
1Vf
Km (9)

K2 �
1 � 2
2Vf

1 � 
2Vf
Km (10)

where 	 � L/df in which df is the fiber diameter. Vf is
the fiber volume fraction. Km is the thermal conduc-
tivity of the matrix. And 
1 and 
2 are given by


1 �
Kf1/Km � 1

Kf1/Km � 2	
(11)


2 �
Kf2/Km � 1
Kf2/Km � 2 (12)

where Kf1 and Kf2 are the thermal conductivity of the
fiber in the direction parallel and transverse to the
fiber axis direction, respectively.

On the other hand, it has been shown32 that the
thermal conductivity of unidirectional SFRP compos-

Figure 2 Simulations of the laminated plate model of a 3D misaligned short-fiber-reinforced polymeric composite: (a) the
real 3D SFRP; (b) the supposed SFRP; (c) the supposed SFRP is considered as combination of laminates—each laminate has
the same fiber length; and (d) each laminate is treated as a stacked sequence of laminae—each lamina has the same fiber
length and the same fiber orientation.
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ites can also be predicted accurately by Nielsen’s mod-
el21:

K1 �
1 � 2	�1Vf

1 � �1�Vf
Km (13)

K2 �
1 � 0.5�2Vf

1 � �2�Vf
Km (14)

�1 �
Kf1/Km � 1

Kf1/Km � 2	
(15)

�2 �
Kf2/Km � 1

Kf2/Km � 0.5 (16)

� � 1 � �1 � Vmax

Vmax
2 �Vf (17)

Vmax is maximum fiber fraction possible while still
maintaining a continuous matrix phase, and is re-
ferred to as the maximum packing fraction. It is easy
to ascertain that the Halpin–Tsai and Nielsen equa-
tions give similar predictions. Comparison between
the two models in prediction of the thermal conduc-
tivities of SFRP composites is made in Figure 3, where
Vmax � 0.907 for uniaxial hexagonal alignment (Vmax
� 0.785 for simple cubic alignment, similar results can
be obtained), df � 10 
m, L � 0.5 mm, Kf1 � Kf2 � 10.4
mW cm�1 K�1, and Km � 2.0 mW cm�1 K�1. From
Figure 3, it can be seen that the two models give
similar (very close) predictions, except there is a small
difference in the transverse thermal conductivity. So,
the Halpin–Tsai equation will be used in this article
for the prediction of thermal conductivity of unidirec-
tional SFRP composites since it does not include the
parameter Vmax, which depends on fiber alignment.

For a unidirectional lamina, the linear relationship
between heat flux and temperature gradient in the
directions parallel and perpendicular to the fiber di-
rection (namely, in the local coordinate system) is
given by

qi � �Ki	Ti i � 1, 2 (18)

In the global coordinate system, the fibers of the lam-
ina are oriented at an angle � (� 
 0) relative to the
measured direction; the linear relationship between
heat flux and temperature gradient is:

q�i � �K�i	T�i i � 1, 2 (19)

Let us introduce a transformation tensor Xij defined by

Yi � XijY�j (20)

where Yi and Y�j are the components of a vector Y in
the local and global coordinate systems, respectively.
Then, we can have

Xij
�1q�i � �KiXij	T�j (21)

So,

K�i � Xij
�1KiXij (22)

where the coordinate transformation tensor Xij is
given by

Xij � � cos � sin �
�sin �cos � � (23)

Xij
�1 can be obtained as

Xij
�1 � �cos ��sin �

sin � cos � � (24)

So we finally obtain

K�1 � K1cos2 � � K2sin2 � (25)

The total heat flux along the 1� axis in the global
coordinate system for a multilaminate is then given by

Q�1 � �
k�1

M

q�1hk � ��
k�1

M

K�1	T�1hk (26)

where M represents the number of plies in the lami-
nate, k is the serial index of the ply in the laminate, and
hk is the thickness fraction of the kth ply. Since the
temperature gradient is continuous across the thick-
ness, eq. (26) is reduced to

Figure 3 Thermal conductivity of unidirectional short fiber
composites predicted by the Halpin–Tsai equation20 and the
Nielsen equation.21
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Q�1 � �Kc	T�1 (27)

where the thermal conductivity of the composite lam

Kc � �
k�1

M

K�1hk � �
L�Lmin

Lmax �
���min

�max

K�1 f�L�g���dLd� (28)

The thermal conductivity of the SFRP composite with
a FLD and a FOD can then be evaluated using eq. (28).
Nonetheless, if eq. (28) is simply employed to predict
composite thermal conductivity, no interaction be-
tween short fibers with different orientation angles
and different fiber lengths can be considered. To con-
sider the effect of the fiber interaction on the compos-
ite thermal conductivity, the fibers with a volume
fraction of Vf are divided into two equal halves having
the same FLD and FOD. First, the first half of the fibers
is incorporated into the pure polymer matrix. The
thermal conductivity can then be evaluated using eq.
(28). The filled polymer matrix is considered as the
effective matrix for the second half of the fibers. It
should be noted that the effective fiber volume frac-
tion is Vf/(2 � Vf) and the obtained thermal conduc-
tivity is taken as Em for the second half of the fibers.
Second, the second half of the fibers is incorporated
into the effective matrix. The interaction between short
fibers of different orientation angles and different
lengths can then be incarnated in a manner such that
the second half of the fibers is incorporated into the
effective matrix containing the first half of the fibers.
Finally, the composite thermal conductivity can be
predicted using eq. (28). And the fiber volume fraction
is equal to Vf/2.

Moreover, eq. (28) can also be used to evaluate the
thermal conductivity of the SFRP composite in any
given direction (�, 
), but the angle � must be re-
placed by the angle 
 in eq. (25), where the angle 
 is
that between the fiber axial direction (�,�) and the
direction (�, 
) given by14

cos 
 � cos � cos � � sin � cos�� � 
� (29)

The anisotropy of the thermal conductivity of SFRP
composites will be reported elsewhere.

RESULTS AND DISCUSSION

The effect of fiber volume fraction on the thermal
conductivity of SFRP composites is shown in Figure 4,
where df � 10 
m, Kf1 � Kf2 � 10.4 mW cm�1 K�1 [for
short glass fiber (SGF), see ref. 27], Km � 2 mW cm�1

K�1 [for poly(phenylene sulfide) (PPS), see ref. 27],
Lmean � 424 
m (a � 2.6 and b � 1.2), and �mean � 36°
(p � 0.6 and q � 1). It is observed that the thermal
conductivity of the composites increases almost lin-

early with increase of fiber volume fraction. This ob-
servation is consistent with existing experimental re-
sults.33 This is obvious because the thermal conduc-
tivity of fibers is much higher than that of the resin
matrix. So, the incorporation of short fibers can signif-
icantly enhance the thermal conductivity. Moreover, it
can be seen that the composite thermal conductivity
after taking into account the effect of the interaction
between fibers is higher than that before taking into
account this effect. As the fiber volume fraction in-
creases, this effect becomes more significant. This is
because the fiber interaction becomes more important
as the fiber volume fraction increases. The trend of the
variance of the thermal conductivity with other factors
remains the same before and after taking into consid-
eration the effect of fiber interaction. In the remainder
of this section, for simplicity, only the results before
taking into account the effect of fiber interaction will
be presented.

Figure 5 shows the effect of mean fiber length (or
mean aspect ratio) on the thermal conductivity of
SFRP composites, where the parameters are the same
as in Figure 4 except Vf is fixed at 0.3, df � 7 
m for
SCF, the thermal conductivities of carbon fiber are Kf1
� 94 mW cm�1K�1, Kf2 � 6.7 mW cm�1 K�1,27 and
Lmean/df varies by changing a (b is fixed at 1.2). It can
be seen that the thermal conductivity of short-glass
fiber-reinforced polymer composites increases very
slightly with the increase of mean fiber aspect ratio
when Lmean/df is small (� about 10) and becomes
insensitive to fiber aspect ratio when Lmean/df is large
(� about 10). However, the thermal conductivity of
short carbon-fiber-reinforced polymer composites in-
creases dramatically with the increase of mean fiber
aspect ratio especially when Lmean/df � about 100.
Moreover, the thermal conductivity of the glass fiber

Figure 4 Effect of fiber volume fraction on thermal conduc-
tivity of SFRP composites. Without effect of fiber interaction:
dashed line; with effect of fiber interaction: solid line.
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composite is much lower than the thermal conductiv-
ity of the carbon fiber composite. This is explained as
follows. The thermal conductivity of carbon fiber is
much higher than that of glass fiber in the fiber axis
direction (Kf1/Km � 5.2 for glass fiber and Kf1/Km � 47
for carbon fiber), and hence the thermal conductivity
of the glass fiber composite will be much lower than
that of the carbon fiber composite at a similar fiber
content (e.g., by a factor of about 3.8 at Vf � 0.3 and
Lmean/df �80) and the thermal conductivity of the
glass fiber composite will also be much less sensitive
to fiber length than the thermal conductivity of the
carbon fiber composite.

Figure 6 displays the effect of mean fiber orientation
angle on the thermal conductivity of SFRP composites,
where the parameters are the same as in Figure 5
except Lmean � 424 
m (a � 2.6 and b � 1.2) and �mean

varies by changing p (q is fixed at 1). It can be observed
that the thermal conductivity of short-glass fiber-rein-
forced polymers decreases slowly with increase of
mean fiber orientation angle. However, the thermal
conductivity of short-carbon fiber-reinforced poly-
mers decreases significantly with increasing mean fi-
ber orientation angle �mean. This indicates that the
thermal conductivity of the carbon fiber composite is
more sensitive to fiber orientation than the thermal
conductivity of the glass fiber composite. This is be-
cause on the one hand, glass fiber is isotropic, and on
the other hand, the thermal conductivity of carbon
fiber is much higher than that of glass fiber in the fiber
axis direction.

Figure 7 shows the effect of mode fiber aspect ratio
(or mode fiber length) on the thermal conductivity of
SFRP composites, where the parameters are the same
as in Figure 6 except df � 7 
m only (for carbon
fiber/PPS system), �mean is fixed at 36° (p � 0.6 and q
� 1) and Lmod changes (Lmean � 0.424 mm). The FLD
is also shown in Figure 7. As the mode fiber length
increases, the FLD shape changes, i.e., there are fewer
fibers of small and large length but more fibers of
medium length. It is interesting to note that the com-
posite thermal conductivity increases with the in-
crease of mode fiber length. For the glass fiber/poly-
mer system, similar results can be obtained but the
effect becomes smaller because the thermal conductiv-
ity of glass fiber is lower. Moreover, it should be
pointed out that the thermal conductivity of compos-
ites with a constant fiber length is higher than that of
a corresponding composite having a FLD (see Fig. 7).

Figure 8 shows the effect of mode fiber orientation
angle on the thermal conductivity of SFRP composites,
where the parameters are the same as in Figure 7
except Lmod is fixed at 101.3 
m (a � 2.6 and b � 1.2)
and �mean is fixed at 25° [(p,q) �(0.505,2.7), (0.6,3.35),

Figure 5 Effect of mean fiber aspect ratio on thermal con-
ductivity of SFRP composites.

Figure 6 Effect of mean fiber orientation angle on thermal
conductivity of SFRP composites.

Figure 7 Effect of mode fiber aspect ratio on thermal con-
ductivity of SFRP composites.
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(0.8,4.75), (4.0,23.5), (16.0,101)] for the carbon fi-
ber/PPS system. The FOD is also exhibited in Figure 8.
The FOD shape changes with the increase of mode
fiber orientation angle. Namely, there are more fibers
of medium angle and less fibers of small and large
angle as the mode fiber orientation angle increases.
Figure 8 shows that the composite thermal conductiv-
ity increases slowly with the increase of mode fiber
orientation angle. Thus, this effect is insignificant. For
glass fiber/polymer systems, similar results can be
obtained.

COMPARISON AND APPLICATION

For a two-dimensionally (2D) random short fiber com-
posite, g(�) � 2/�, the expression for the composite
thermal conductivity can be obtained form eqs. (25)
and (28) for 0 � � � �/2

Kc �
1
2 ��

L�Lmin

Lmax

K1 f�L�dL � �
L�Lmin

Lmax

K2 f�L�dL� (30)

Similarly, for a 3D random short fiber composite, g(�,
�) � g(�) g(�)/sin(�) � 1/2�, g(�) � 1/2�, and g(�)
� sin�. So, the expression for the composite thermal
conductivity can be obtained from eqs. (25) and (28)
for 0 � � � �/2:

Kc �
1
3 �

L�Lmin

Lmax

K1f �L�dL �
2
3 �

L�Lmin

Lmax

K2 f�L�dL (31)

When the fiber length has a constant value, eqs. (30)
and (31) can be simplified as

Kc �
1
2 �K1 � K2� for the 2D random case (32)

Kc �
1
3 K1 �

2
3 K2 for the 3D random case (33)

The above eqs. (32) and (33) are employed to predict
the thermal conductivity of 2D and 3D random short
fiber composites, respectively. The predicted results
are respectively shown in Figures 9(a) and 9(b), where
the following values of the parameters are used: L/df

� 100, Kf1/Km � Kf2/Km � 20. The predicted results by
other theories24,25 are also displayed in Figure 9. It is
seen that the when the fiber interaction is taken into
account, the predicted values by the present theory lie
between those by the bounded model24 and are close
to those by the Hatta and Taya model,25 which alsoFigure 8 Effect of mode fiber orientation angle on thermal

conductivity of SFRP composites.

Figure 9 Thermal conductivity of a (a) 2D and (b) 3D
random SFRP composite as a function of Vf with Kf1/Km �
Kf2/Km � 20 and L/df � 100.
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considers the effect of fiber interaction. Although the
Hatta and Taya model can give accurate prediction of
the thermal conductivity of short fiber composites
having a constant fiber length, it is not suitable for the
prediction of the thermal conductivity of injection-
molded SFRP composites having a FLD. When the
fiber interaction is not taken consideration, the pre-
dicted values by the present model become lower and
are close to the lower values predicted by the bounded
model.24

Moreover, the present theory is applied to pub-
lished experimental results as shown in Table I for the
thermal conductivity of short glass fiber and short
carbon fiber reinforced poly(phenylene sulfide) (PPS)
composites27 and poly(ether ether ketone) (PEEK)
composites.28 The thermal conductivities of the sur-
face and skin layers were measured separately. The
data for the parameters are as follows:27,28 Km � 2.43
mW cm�1 K�1 for PEEK Km � 2 mW cm�1 K�1 for
PPS; K1 � K2 � 10.4 mW cm�1 K�1 for glass fiber; K1
� 94 mW cm�1 K�1 for the carbon fiber used in PPS
and K1 � 80 mW cm�1 K�1 for the carbon fiber used in
PEEK and K2 � 6.7 mW cm�1 K�1. An alternative
expression for the FOD density function is given
by27,28

g��� � �� � exp�����/�1 � exp����/2�� (34)

and values of � are given in Table I. The average fiber
aspect ratios for the four composites of PEEK30cf,
PPS30cf, PPS40cf, and PPS40gf are respectively 17 (a
� 55.4 and b � 2), 21 (a � 36.3 and b � 2), 16 (a � 62.7
and b � 2), and 17 (a � 27 and b � 2).27,28 Clearly, the
theoretical results are in good agreement with the
experimental values when the effect of the interaction
between fibers is taken into account. When the effect
of fiber interaction is not included, the predicted re-
sults are lower than the experimental values.

CONCLUSIONS

The effects of fiber volume fraction, fiber length, and
orientation distributions on the thermal conductivity

of SFRP composites have been studied. The composite
thermal conductivity increases almost linearly with
increase of fiber volume fraction. When the fiber ther-
mal conductivity is high, the composite thermal con-
ductivity increases significantly with the increase of
mean fiber aspect ratio (or mean fiber length) and
decrease of mean fiber orientation angle. When the
fiber thermal conductivity is low, the composite ther-
mal conductivity increases very slowly with the in-
crease of mean fiber aspect ratio (or mean fiber length)
and decrease of mean fiber orientation angle. The
effects of mode fiber length and mode fiber orientation
on the thermal conductivity of SCF/PPS composites
have been studied, and the results show that the com-
posite thermal conductivity increases marginally with
the increase of mode fiber aspect ratio (or mode fiber
length) but slightly with increase of mode fiber orien-
tation angle. Moreover, the theoretical predictions af-
ter taking into account the effect of fiber interaction
agree well with published experimental data.

One of the authors (S.Y.F.) acknowledges the support of the
ARC as Visiting Scholar to the CAMT at the University of
Sydney.
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respectively.
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